Laser frequency stabilization is essential for interferometric gravitational-wave detectors to attain their target sensitivity. We have designed a multistage laser frequency stabilization system which has been applied in the development of the TAMA 300 gravitational-wave detector in Japan. The control topology consisting of two cascaded loops were employed to secure high feedback gain and reliable detector operation and thus allow the best frequency stability and uninterrupted long-term observation. We achieved simultaneously a frequency stability of 5ϫ10 Ϫ5 Hz/ͱHz, and a common-mode rejection ratio ͑which reduces the coupling of frequency noise to spurious signals in the detector͒ of 37 dB. The developed system enabled us to operate TAMA 300 with sufficient sensitivity and stability that it had the potential to register gravitational-wave events. The system was confirmed to be suitable for a gravitational-wave detector from the observation run of TAMA 300.
I. INTRODUCTION
Direct detection of gravitational waves ͑GWs͒ is confidently expected in the first decade of this century. The detection will open a new window to observe the universe and create the field of GW astronomy. Several projects to build interferometric GW detectors are underway throughout the world. [1] [2] [3] [4] The fundamental configuration of most of these detectors is a Michelson interferometer illuminated by a high-power laser, with three additional elements: FabryPerot arm cavities, a power-recycling system, 5 and a mode cleaner. 6 These additional elements increase the detector sensitivity by amplification of the GW signals and reduction of photon shot noise.
The detector sensitivity should be eventually limited by seismic noise, thermal noise, and shot noise. The other noise must be sufficiently suppressed below the goal sensitivity. Among them, laser frequency noise appears in the detector sensitivity coupling with the unavoidable asymmetries of the interferometer such as deviation from resonance and mismatch of the arm cavities. The required frequency stability is typically over 120 dB higher than the stability of a freerunning laser. A highly stable frequency reference and feedback-control system are necessary to realize the frequency stability required.
A high-finesse optical cavity consisting of a rigid spacer between mirrors makes a stable frequency reference. Many experiments for prestabilization of the laser frequency have been demonstrated with such rigid cavities. [7] [8] [9] [10] Mode cleaners with separately suspended mirrors have also been used as a frequency discriminator in a few studies, 11, 12 which possess higher stability than the rigid cavities in the observation band of GW signals. These demonstrations have shown excellent performance as elements of a system of the frequency stabilization, however, a complete feedback-control topology suitable for actual detectors has not been addressed. The Fabry-Perot arm cavities in the interferometer can also serve as an ultimate frequency reference, since they are highly isolated from seismic motion. Laser frequency stabilization using one arm cavity and appropriate global feedback topology was reported by Kawamura et al. 13 However, the design and development of a high-performance feedback-control system using the common-motion signal of the arm cavities is necessary for applicability to detectors using the configuration outlined above.
In this article, we present a multistage laser frequency stabilization system for a GW detector. The system was designed considering the practicalities of an interferometric detector and the attainment of the required frequency stability. The system design was actually applied to the development of the laser frequency stabilization system for an interferometric GW detector with 300 m baseline length ͑TAMA 300͒ at the National Astronomical Observatory of Japan in Tokyo. 4 The system was found to be suitable for advanced interferometric GW detectors such as LCGT 14 from the observation run of TAMA 300.
II. CONCEPTUAL DESIGN OF A LASER FREQUENCY STABILIZATION SYSTEM FOR A GRAVITATIONAL WAVE DETECTOR
The conceptual design of the laser frequency stabilization system we proposed for GW detectors is illustrated in Fig. 1 . A multistage frequency stabilization system is employed in the design. It is a control topology consisting of two or more cascaded feedback loops. In this design, the system comprises two cascaded loops: a mode cleaner ͑MC͒ servo loop and common-mode cavity length (L ϩ ) servo loop. The main role of the MC servo loop is to stabilize the frequency of the light leaving the mode cleaner cavity. The frequency stability of the light transmitted through the mode cleaner is further improved by the L ϩ servo loop using the interferometer as a frequency discriminator. Although a Fabry-Perot-Michelson interferometer configuration is assumed here, our design can be easily adapted to a powerrecycled Fabry-Perot-Michelson interferometer as employed in current detectors. 1, 2, 4 Such a frequency stabilization system has several advantages for the operation of the detector and the achievement of the frequency-noise level required: simplicity of the system, distribution of the higher attainable feedback gain to two cascaded loops, and elimination of the feedback path to the interferometer.
A simple system is preferable for reliable operation of the GW detector. Using a rigid cavity in the prestabilization loop would give better frequency stability below several Hz and expectation of easier lock acquisition of the cavity with suspended mirrors, at the price of additional complexity of the control topology. However, long-term stabilization over 1s is not significant for GW detection and the stability of the free-running laser is high enough to acquire lock of the mode cleaner, thus no rigid cavity need be used in our design.
High feedback gain is required to attain the desired frequency stability. However, the control bandwidth cannot be increased enough to allow the necessary gain when the frequency fluctuation is directly stabilized with the resonant frequency of the Fabry-Perot arm cavities in the interferometer, because the control bandwidth is restricted by the freespectral range ͑FSR͒ of the cavity. The two cascaded feedback loops can avoid this limitation. Spurious feedback paths can also limit the attainable feedback gain. 13 The use of electro-optic modulators ͑EOMs͒ placed after the mode cleaner causes a spurious feedback path associated with polarization modulation. 15 It can be circumvented using a feedaround technique which is to sum the error signal of the second stage into that of the first stage. This is often employed in the multistage stabilization systems to expand the control bandwidth without using EOMs for phase correction. 13, 16 The feedback path to the interferometer is eliminated in our design to give adequate sensitivity for GW detection. This strategy avoids the contamination of the differentialmotion signal of the arm cavities (␦L Ϫ ) by the error signal of the L ϩ servo loop. The coil-magnet actuators attached to the mirror of the arm cavities inevitably apply slightly different forces for the same coil current. The error signal of the L ϩ servo loop, which is fed back to the interferometer, couples with the imbalances of the actuator resulting in noise in the ␦L Ϫ signal.
III. DESIGN OF MULTISTAGE LASER FREQUENCY STABILIZATION FOR TAMA 300
The goal sensitivity of TAMA 300 in the first observation phase is hϭ1.7ϫ10 Ϫ21 /ͱHz in the observation band ͑150-450 Hz͒. A Fabry-Perot-Michelson interferometer is operated without the power recycling technique in this phase. The frequency noise of the light illuminating the interferometer must be suppressed below 5ϫ10
Ϫ5 Hz/ͱHz to achieve the goal sensitivity, since the common-mode rejection ratio ͑CMRR͒ of the interferometer is expected to be 40 dB. The frequency noise is required to be stabilized to 1 ϫ10 Ϫ4 Hz/ͱHz using the mode cleaner, subsequently the noise of light transmitted through the mode cleaner is further stabilized in the interferometer below the goal sensitivity. In this section, we describe in detail how the above conceptual design was adapted to meet the TAMA 300 requirements.
A. Control topology
A block diagram of the multistage frequency stabilization system for TAMA300 is shown in Fig. 2 . There are two cascaded feedback loops: the MC servo loop and the L ϩ servo loop.
The Pound-Derever-Hall technique is used to extract the control signal of the laser frequency in the MC servo loop. 17 The technique is represented by a set of blocks consisting of a discriminator ͑a triangle with ''ϩ'' and ''Ϫ'' inputs͒, a cavity pole (C mc ), and a frequency-voltage converter (D mc ). The cavity pole is defined as C mc ϭ͓1 ϩs/ mc ͔ Ϫ1 , where s is the Laplace frequency variable, and mc is the half width at half maximum of the cavity resonance in rad/s. The frequency-voltage converter represents the optoelectronic gain of the detection system. Although the error signal of the MC servo loop (V demគmc ) is shown as fed back to the laser along only one feedback path (F feedback ), the actual feedback system is composed of three paths to realize a wideband control as explained in Sec. IV.
The frequency of the light transmitted through the mode cleaner (F transmitted ) is compared with the resonant frequency of the Fabry-Perot arm cavity (F int ). Here, the PoundDrever-Hall method is modeled in the same manner as in the MC servo, as a set of blocks consisting of a discriminator, an arm cavity pole filter (C int ), and a frequency-voltage converter (D int ). The demodulation-voltage signal (V ␦L ϩ ) is fed back to the two points: the coil-magnet actuator attached to the end mirror of the mode cleaner, and the error point of the MC servo loop. The low frequency components of the V ␦L ϩ signal are filter-amplified by electronic servos and directed toward the mode cleaner cavity to stabilize its length fluctuation. This is called the MC feedback path. The high frequency components of the signal are added to V demគmc so as to expand the control bandwidth of the L ϩ servo loop. This is called the feedaround path. Note that the MC servo loop can be regarded as a ''super block'' with two input (V feedaround and F coil ) and one output (F transmitted ) existing in the L ϩ servo loop.
The total transfer function of the L ϩ servo loop (T L ϩ ) is the composition of two paths:
where T MCfeedback and T feedaround are the open-loop transfer functions of the MC feedback and feedaround path, respectively. They are given by
where E represents the electronic system for appropriate filtering and amplification, and H is the frequency actuator. The changed resonant frequency of the mode cleaner is reproduced in the frequency of the transmitted light (F transmitted ) by the function of the servo below the cavity-pole frequency ( mc /2) of the mode cleaner, whereas the change in the mode cleaner resonant frequency directly affects the frequency of the transmitted light above mc /2. 18, 19 In Eq. ͑2͒, the transfer function from the resonant frequency of the mode cleaner (F coil ) to F transmitted is approximated as Ϫ1. This approximation is valid when the open-loop gain of the MC servo loop (T mc ϭC mc D mc G mc ) is much larger than unity, as it is below mc /2. The transfer function (T feedaround͑mc) ) from the feedaround injection (V feedaround ) to F transmitted can be written as
This transfer function has a flat frequency response up to around the unity gain frequency of the MC servo loop so that it can be regarded as a wideband frequency actuator. However, it should be noted in respect to the servo design that only a negligible phase delay occurs below roughly one-third of the unity gain frequency.
B. Allowable deviation of carrier frequency for rf intensity noise reduction
Allowable deviation of the carrier frequency caused by the feedaround technique must be considered to reduce an additional radio-frequency ͑rf͒ intensity noise appearing in the light transmitted though the mode cleaner. The intensity noise is converted to a spurious signal by the demodulation process and may preclude the shot-noise-limited operation of the interferometer.
In TAMA 300, the phase modulation sidebands are transmitted through the mode cleaner by making the modulation frequency exactly equal to the FSR of the mode cleaner, since an EOM for phase modulation required to control the interferometer is placed before the mode cleaner to avoid wave-front distortion. Additional rf intensity noise is produced within the transmitted light of the mode cleaner, when there exists a deviation of phase modulation frequency from the FSR (␦ f ) and that of the carrier frequency from the resonant frequency of the mode cleaner ͑␦͒. This noise mechanism is described in more detail in Refs. 20 and 21. The phase modulation frequency is controlled with the negative feedback to eliminate ␦ f , whereas ␦ can ordinarily be suppressed by the MC servo loop. In a preliminary experiment, 22 the allowable deviation of the carrier frequency had been measured to be less than 30 Hz rms in terms of the root-mean-square ͑rms͒ value. However, the feedaround voltage (V feedaround ) in the L ϩ servo loop shifts the laser frequency away from the resonant frequency of the mode cleaner. This results in a deviation of the carrier frequency (␦ feedaround ) given by
where we assume T mc is much larger than unity. Owing to Eq. ͑5͒, T feedaround serves an important role in decreasing ␦ feedaround . The rms value of the ␦ feedaround needs to be less than 30 Hz in order to suppress the rf intensity noise which is produced by the noise mechanism mentioned above. Therefore this must be taken into account in our servo design.
C. Servo design
The MC servo loop had previously been designed and developed for prestabilization of the laser frequency. It was operated with sufficient performance to be utilized in the multistage frequency stabilization system. 12 The control bandwidth was about 300 kHz and the open-loop gain was more than 120 dB in the observation band. The frequency stability achieved in the MC servo loop was 1 ϫ10 Ϫ4 Hz/ͱHz.
The crossover frequency between the MC feedback and feedaround path in the L ϩ servo loop is set to be 1 kHz, which is a trade-off between two considerations. A low crossover frequency results in large values of V feedaround , increasing the rf intensity noise in the transmitted light of the mode cleaner, whereas a higher crossover frequency causes the excitation of the mechanical resonances of the mode cleaner mirror, which could prevent the stable operation of the system. The unity gain frequency of the L ϩ servo loop, which is restricted to the feedaround path, is determined to be 20 kHz. Although T feedaround͑mc) has a flat frequency dependence up to around the unity gain frequency of the MC servo loop, we chose the unity gain frequency because of the rapid roll-off in phase of T feedaround͑mc) . Figure 3 shows T MCfeedback and T feedaround . The control system was optimized using a computer simulation. 23 T MCfeedback is rolled off quickly above the crossover frequency to remove the influence of the mechanical resonances of the mirror. A notch filter at 27 kHz is also incorporated, since the mechanical Q-value of the mirror is estimated to be about 10 6 . With respect to the feedaround path, the gain just below the crossover frequency is required to roll off quickly for diminishing the rf intensity noise. T L ϩ is plotted in Fig. 4 . An open-loop gain of 80 dB was achieved at 300 Hz, which is large enough to suppress the frequency noise to the required level. The phase margin is approximately 50°at the unity gain frequency of 20 kHz. Figure 5 shows the estimated deviation of the carrier frequency produced by the injection of V feedaround . The dotted line indicates the expected frequency spectrum of ␦ feedaround calculated by Eq. ͑5͒. The rms value of the ␦ feedaround was estimated to be less than 1.1 Hz rms ͑bold line͒ which satisfies the empirically determined tolerance.
IV. OPERATION OF TAMA 300 WITH MULTISTAGE FREQUENCY STABILIZATION SYSTEM
This section describes the performance of the system as implemented in TAMA 300. 
A. TAMA 300 gravitational-wave detector
The schematic diagram of TAMA 300 with the control topology is illustrated in Fig. 6 . TAMA 300 comprises a laser, mode cleaner, and a Michelson interferometer with Fabry-Perot arm cavities. Since a light source with high output power and low noise performance is required, we employed an injection-locked Nd:YAG laser with an output power of 10 W. 24 In order to remove higher modes in the light illuminating the interferometer, an independently suspended triangular ring cavity with a length of 9.75 m is used as a mode cleaner. 20 It also serves as a preliminary frequency reference. The reflected light from the mode cleaner is detected by a photodetector to obtain the control signal for the original frequency fluctuation. The signal extracted by the Pound-Derever-Hall technique with phase modulation at 12 MHz is fed back to three actuators: a thermal and PZT tuning of the master laser and an external EOM. 25 Although the frequency of the master laser is modulated, the frequency of the injection-locked laser follows that of the master laser within the injection-lock bandwidth. 26 The phase modulation frequency for controlling the interferometer must be made precisely equal to the FSR of the mode cleaner to allow transmission of the modulation sidebands. The control signal of the modulation frequency is extracted from the light transmitted through an end mirror of the mode cleaner. 20 The signal is fed back to a voltagecontrolled crystal oscillator ͑VCXO͒ for tuning the oscillation frequency to the FSR. This feedback loop compensates for any dc offset or slowly varying deviation of the modulation frequency.
The Fabry-Perot arm cavities have a length of 300 m and a finesse of 500 to enhance the interaction with GWs. All the interferometer mirrors are isolated from seismic and acoustic noise by three-layer stacks 27 and double-pendulum suspension systems 28 inside vacuum chambers. The arm cavities are available as extremely stable references for the laser frequency due to the vibration isolation ratio of over 160 dB. The length control system is designed to operate the interferometer with high sensitivity and stability. The control signals are extracted by the Pound-Drever-Hall technique and the frontal modulation scheme with 15.235 MHz phase modulation. 29 The ␦L ϩ signal is acquired by demodulating the photocurrent from a photodetector placed at the symmetric port of the interferometer.
B. Laser frequency stability
The measured open-loop transfer function of the L ϩ servo loop is shown in Fig. 7 . The control bandwidth of the servo was approximately 20 kHz and the open-loop gain obtained was 80 dB around the observational band. These are enough to attain the required frequency stability. Figure 8 shows the error signal spectrum of the L ϩ servo. The high frequency components of the relative frequency noise spectrum estimated from the error signal are low-pass filtered by the mode cleaner cavity so that the frequency noise spectrum is less than the error signal of the MC servo loop even over the control bandwidth of the L ϩ servo loop. The frequency noise corresponding to the error signal is 2ϫ10 Ϫ6 Hz/ͱHz at 300 Hz. However, the real relative frequency stability could be limited by shot noise which may not be reflected in the error signal because of the loop gain suppression. The laser power detected for the L ϩ servo loop was about 38 mW at operation. The shot-noise level was measured to be 5ϫ10 Ϫ5 Hz/ͱHz, dominating the relative frequency stability below 4 kHz. The bump around 30 kHz is caused by the small phase margin of the feedback loop.
The laser frequency noise generates spurious signals at the detector output through coupling with the interferometer imperfections. The CMRR of the TAMA 300 interferometer was measured to be 37 dB, which was satisfactorily close to the expected one of 40 dB. Accordingly, the frequency noise stabilized by this developed system posed no significant limitation on achieving the goal sensitivity. 
C. Long-term stability
The long-term reliability of the system was tested during the observation run of TAMA 300. 4 The drift length between the mirrors of the Fabry-Perot arm cavity was measured to be less than 50 m by an absolute length determination. 30 This confirms that the feedback path to the interferometer is not necessary to maintain stable locking of the arm cavity, since the frequency change induced by the drift can be easily compensated by the coil-magnet actuator of the mode cleaner. This avoids the contamination of the ␦L Ϫ signal with the error signal of the L ϩ servo loop.
A minor problem encountered was that when using the interferometer as a frequency discriminator, the state of the L ϩ servo loop entirely relates with the operation of the interferometer. Thus when the interferometer fell out of lock, a large feedback voltage was applied to the error point of the MC servo loop and the coil-magnet actuator of the mode cleaner, which could stop the mode cleaner coming to resonance. To prevent this, voltage limiter circuits were added to the L ϩ servo circuits to maintain the stable operation of the mode cleaner.
D. rf intensity noise
The L ϩ servo loop was designed to minimize rf intensity noise in the transmitted light of the mode cleaner. The transmitted light was demodulated at quadrature-phase and inphase to measure the additional rf intensity noise generated by the feedaround technique. In TAMA 300, the photocurrent corresponding to the light power at the detector output is expected to be 30 mA when incident light of 3 W into the main interferometer and a contrast of 99% are assumed. The measured rf intensity noise was suppressed below the shotnoise level corresponding to the photocurrent of 30 mA at the observation band. The spectrum shape of the intensity noise at both demodulation phases had no significant difference from the spectrum reported in Ref. 12 , which was observed without the feedaround technique. Thus the system poses no obstacle to achieving shot-noise-limited sensitivity.
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